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Abstract It is well known that if h is a nonnegative harmonic function in the ball 
of R''+' or if h is harmonic in the ball with integrable boundary values, then the 
radial limit of h exists at almost every point of the boundary. In this paper, we are 
interested in the exceptional set of points of divergence and in the speed of divergence 
at these points. In particular, we prove that for generic harmonic functions and for any 
j3 e [0,ii], the Hausdorff dimension of the set of points <^ on the sphere such that /i(r^) 
looks like (1 — r)^^ is equal to d — fi. 
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1 Introduction 



The story of this paper begins in 1906, when P. Fatou proved in f9l that bounded har- 
monic functions in the unit disk have nontangential limits almost everywhere on the 
circle. Later on, this result was improved by Hardy and Littlewood in dimension 2, 
and by Wiener, Bochner and many others in arbitrary dimension (a complete histori- 
cal account can be found in [13| ). Let us also mention R. Hunt and R. Wheeden who 
proved that a similar result holds for nonnegative harmonic functions in Lipschitz 
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domains ( MlOlll 11 1. To state the result of the nontangential convergence of harmonic 
functions in the ball, we need to introduce some terminology. 

Let d > 1 and let J^^i (resp. be the (euclidean) unit sphere (resp. the unit 

ball) in R''+' . The eucHdean norm in will be denoted by |j • ||. For e ^(^d), 
the set of complex Borel measures on S^^i, the Poisson integral of jx, denoted by 
is the function on B^+i defined by 

pmx)= [ p{x,^)d^i^), 

where P{x,£,) is the Poisson kernel, 

ll-^-<^ !!''+'■ 

When / is a function in L\S^j), we denote simply by P[f] the function P[fda]. 
Here and elsewhere, da denotes the normalized Lebesgue measure on For any 
jj. e ^(J^j), is a harmonic function in B^+i and it is well known that, for 
instance, every bounded harmonic function in is the Poisson integral P[f] of a 
certain / G U°{S^d)- It is also well known that every nonnegative harmonic function 
in Brf+i is the Poisson integral f [/x] of a positive finite measure jj, e ^(^rf). 

The Fatou theorem for Poisson integrals of L' -functions says that, given a func- 
tion f (S'd), then (ry) tends to f{y) for almost every y G when r increases 
to 1. More generally, if jx £ P\\l\{ry^ tends to ^(y) almost everywhere and 

in fact, the limit exists for nontangential access. 

In this paper, we are interested in the radial behaviour on exceptional sets, and es- 
pecially in the following questions. How quickly can (ry) grow? For a prescribed 
growth T(r), how big can be the sets of y G such that limsupj.^[ \P\f\ (ry) |/T(r) = 
+00? It is easy to see that the growth cannot be too fast. Indeed, the Poisson kernel 
satisfies, for any y, ^ G ,5^d, 

so that for any f £l} (yd), for any y G S^d and any r G (0, 1), 

nfKry)<^. 

This motivates us to introduce, for a fixed j3 G {0,d) and any / G L' (^c/), the excep- 
tional set 

c^iPJ) = fye .y,; limsupfflM ^ +^ 
L r^i (l-r) P 

and we ask for the size of <S'{P,f). To measure the size of subsets of S^d, we shall use 
the notion of Hausdorff dimension (see Section |2] for precise definitions). Our first 
main result is the following. 
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Theorem 1 Let P e [0,d] and let fe L\yd). Then dim^ (S'iliJ)) <d-^. Con- 
versely, given a subset E of such that A\m,^ (E) < d — fi, there exists f GL^ {■■S^d) 
such that E C S'{P,f). 

The first part of Theorem [T] has already been obtained by D. Armitage in [IJ in the 
context of Poisson integrals on the upper half-space (see also |[14| for analogous re- 
sults regarding solutions of the heat equation). However, we will produce a complete 
proof of Theorem[T] Our method of proof differs substantially from that of [JJ- More- 
over, it provides a more general result (see Theorem [3] below). It seems that this last 
statement cannot be obtained from Armitage's work without adding assumptions on 
(j) and T. 

Our second task is to perform a multifractal analysis of the radial behaviour of 
harmonic functions, as is done in |4l, Q for the divergence of Fourier series. For a 
given function / G i' {'^d) and a given y G J^d, we define the real number j3 (y) as the 
infimum of the real numbers j3 such that = (9 ((1 — r)^^). The level sets 

of the function j3 are defined by 



We can ask for which values of j3 the sets E{l5,f) are non-empty. This set of val- 
ues will be called the domain of definition of the spectrum of singularities of /. 
If /3 belongs to the domain of definition of the spectrum of singularities, it is also 
interesting to estimate the Hausdorff dimension of the sets E{P,f). The function 
j3 i-> dim.jf (^(jS ,/)) will be called the spectrum of singularities of the function /. 

Theorem [T] ensures that dim^(£'(j3,/)) < d — ji and our second main result is 
that a typical function / S L^{S^d) satisfies dim.jf (^(jS,/)) = d — ji for any j3 G 
[Q,d]. In particular, such a function / has a multifractal behavior, in the sense that 
the domain of definition of its spectrum of singularities contains an interval with 
non-empty interior. 

Theorem 2 For quasi-all functions f &L} {,S^d)tfor any j3 G [0,c/], 



The terminology "quasi-all" used here is relative to the Baire category theorem. It 
means that this property is true for a residual set of functions in L' (^rf). 

Notations. Throughout the paper, N = (0, ... ,0, 1) will denote the north pole of 
,5^d- The letter C will denote a positive constant whose value may change from line 
to line. This value may depend on the dimension d, but it will never depend on the 
other parameters which are involved. 

Acknowledgements. We thank the referee for his/her careful reading and for 
having provided to us references Q and lfT4ll . 



£(i3,/)-{3'G^,;j3(3')-j3} 




dim^(£(j3,/)) =fl'-j3. 
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2 Preliminaries 

In this section, we survey some results regarding Hausdorff measures. We refer to (SJ 
and to 1 12] for more on this subject. Let {X,d) be a metric space such that, for every 
p > 0, the space X can be covered by a countable number of balls with diameter less 
than p. If B = B{x,r) is a ball in X and X > 0, \B\ denotes the diameter of B and XB 
denotes the ball B scaled by a factor X, i.e. XB = B{x, Xr). 

A dimension function : R+ — ^ is a continuous nondecreasing function sat- 
isfying (0) — 0. Given E cX, the 0-Hausdorff outer measure of E is defined by 

Jf^£) = lim inf Vmi), 

where (E) is the set of countable coverings of E with balls B with diameter \B\ < e. 
When = x\ we write for short J^f^ instead of Jf^'. The Hausdorff dimension 
of a set E is 

dimy^(£) sup{.9 > 0; J^'{E) >0}= mf{s > 0; M"{E) = 0}. 

We will need to construct on a family of subsets with prescribed Hausdorff 
dimension. For this we shall use results of f6\. Recall that a function (j) : M+ ~> M.+ 
is doubling provided there exists A > 1 such that, for any x > 0, 0(2x) < 
From now on, we suppose that the metric space {X,d) supports a doubling dimension 
function (p such that 

^m\)<'^'^HB)<cH\B\) 

where C is a positive constant independent of B. 

The previous assumption is satisfied when X — 5^^\, endowed with the distance 
inherited from and (x) = x'^ . 

Given a dimension function and a ball B — B{x,r), we denote by B^ the ball 
Bf = B{x, o(j){r)). The following mass transference principle of 161 will be used. 

Lemma 1 (The mass transference principle) Let (B,) be a sequence of balls in 
X whose radii go to zero. Let \j/ be a dimension function such that \j/(x)/<j){x) is 
monotonic and suppose that, for any ball B in X, 



Then, for any ball B in X, 



BnlimsupB, =^/f^{B). 



Jf"^ (^BnlimsupBf j =^^"^(5). 
Finally, the following basic covering lemma due to Vitali will be required (see 

ma). 

Lemma 2 (The 5r-covering lemma) Every family ^ of balls with uniformly bounded 
diameters in a separable metric space {X,d) contains a disjoint subfamily such 
that 

U B C U 5B. 
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3 Majorisation of the Hausdorff dimension 

Let / G i'^d)- We intend to show that P[f]{r-) cannot grow too fast on sets with 
large Hausdorff dimension. More generally, we shall do this for ji G and 
P[lJ.] instead of P[f]-lfy e S^d and 5 > 0, we introduce 

»f(y,5) = {^eJ5-,; \\^-y\\<h) 

the open spherical cap on with center y and radius 5 > 0. The set xiy^ 5) is just 
the ball with center y and radius 5 in the metric space {S^d, II • ID- Let us also define 
the slice 

S^{y,5u52) = {^eyd; 5i<||<^-3'||<52} 

where < 5i < 

The starting point of our argument is a result linking the radial behaviour of 
to the Hardy-Littlewood maximal function. More precisely, it is well known that if 
yeS^d, then 

sup I^M(^.)|<supM^ 
re(0,l) 5>0 (y[^iy,(>)) 

(see for example |f3|). Our aim is to control, for a fixed r close to 1, the minimal size 
of the caps which come into play on the right-hand side. 

Lemma 3 Let /i e re (0, 1) and y £ .5^^. There exists 5 > 1 — r such that 

\Pla](ry)\<c\^^M^ 
where C is a constant independent of ^, r andy. 

Proof Replacing /X by |/i |, we may assume that jJ. is positive. Moreover, without loss 
of generality, we may assume that y = N is the north pole. Observe that 

P[M](rN)= / P{rN,^)d^i{^l 

with 



IrN-^lh'+i 



1 - r 



.2 



(l-2r4,+i+r2)(rf+l)/2- 

Observe also that - N|p = 2(1 - if ^ e In particular, P(rN,^) just 

depends on ||^ — N|| and r. Moreover, P(rN,^) decreases when — N|| increases, 
^ keeping on y^. 

We shall approximate ^ ^ f (rN,(^) by functions which are constant on slices. 
The function ^ H> P(rN, ^ ) is harmonic and nonnegative in the ball 

er'+'; 11^ -Nil < 1-r}. 



6 



Frederic Bayai't, Yanick Heurteaux 



By the Harnack inequality, there exists Co > (which does not depend on r) such 
that, for any ^ e with ||^ - N|| < (1 - r) /2, 

P{rN,^)>CoP{rN,N). 

Necessarily, Cq belongs to (0, 1 ) . We then define an integer ^ > and a finite sequence 
5o,...,8khy 

- Sq = 0; 

- 5i = (l-r)/2; 

- 5;+i (if it exists) is the real number in [5^,2] such that P(rN,^-'+') =CoP(rN,^-') 
where (resp. ^■'^') is an arbitrary point of J^^j such that ||^-' — N|| = 5,' (resp. 

= 5^.^ [) (remember that f(rN,(^) only depends on ||(^-N||); 

- 5j+i — 2 and k — j +1 otherwise. 

Observe that the sequence is well defined and that, by compactness, the process ends 
up after a finite number of steps. We set cj = P{rN,^^), < j < k — 1 where is 
an arbitrary point in S'^i such that ||N — || = Sj. Let us also remark that, if ^ € S^d^ 

k-l k-l 

The sequence (c^) j>o is decreasing. Thus, we can rewrite the step function using only 
caps as 

k-l k 
j=0 .7=1 

where the real numbers dj are positive. In fact, di = cq and dj = cj^i — cj if j > 2. 
Then we get 

k k 

Co L djUN.Sj) < PirN,^) < ^ fl'.l^tN.s,.). (1) 

7=1 7=1 

We integrate the right-hand inequality with respect to jj. to obtain 
P[M](rN) < Y^dMK{N,5jj) 

where the last inequality is obtained by integrating the left part of ([T]l over .5^^ with 
respect to the surface measure a. This yields the lemma, since Jy^ P(rN, £, )dG{£, ) = 
1, except that we have found a cap with radius greater than (1 — r)/2 instead of 1 — r. 
Fortunately, it is easy to dispense with the factor 1/2. Indeed, 

M(>c(N,g)) ^ uiKiN,5)) ^ uW2g)) 
a(ff(N,5)) - (7(ff(N,25)) - a(ff(N,25))' 



Boundary multifractal behaviour for harmonic functions in the ball 



7 



The previous lemma is the main step to obtain an upper bound of the Hausdorff 
dimension of the sets where P[jj]{r-) behaves badly. 

Theorems Let ll G ^{-^(i) <^nd let x : (0,1) — s> (0,+°°) be nonincreasing, with 
^m^_^Qi+ x{x) — Let us define 

^(r,M) = |ye^.;limsupmM. 

I r^l T(l - r) 

Let (j) : (0, +°°) — > (0, +0°) be a dimension function satisfying (j) (s) = 0{t{s)s'^). Then 

jr^(^(T,Ai))-0. 

Proof For any M > 1 , we introduce 

= e limsup ^^^^^^''-^j* > M 
y ,-^1 T(l-r) 

Let e > and y G (§m- The definition of S'm and Lemma [3] ensure that we can find 
Vy e (0, 1), as close to 1 as we want, and a cap Ky ~ fc(y, 5y) such that 5,. > 1 — ry 
satisfying 

MT(l-r,)<™Ml<cM[^. (2) 

Observe that 

It follows that 5y when ^ 1. We can then always ensure that |fCv| < e. The 
family {Ky)yes,^ is an e-covering of S'm- By the 5r-covering lemma, one can extract 
from it a countable family of disjoint caps (K'y;),GN such that S'm C |J,5)Cy;. Inequality 
(O implies that 

M^T(l-r,,)(T(K-y,)<C|lM||. 
If we remark that |5k'v- | > 5y- > 1 — ry., we can conclude that 

l^T{\5K,\)\5Kif <^m. 

Our assumption on ensures that Jif^{SM) < C{^,jJ.)/M. The result follows from 
the equality S{t:,h) = nM>i <^m- 

Applying this to the function t{s) ~ s^l^, we get the first half of Theorem[T] 

Corollary 1 For any f} e [O,d],forany jx e ^{.yd), dim,/^ ((f(j3,jU)) <d- j3. 

Remark 1 The corresponding result for the divergence of Fourier series was obtained 
in |2| using the Carleson-Hunt theorem (see also IjSJ for the L'-case). Our proof in 
this context is much more elementary, since we do not need the maximal inequality 
for the Hardy-Littlewood maximal function. 



8 



Frederic Bayai't, Yanick Heurteaux 



4 Minorisation of the Hausdorff dimension 

In this section, we prove the converse part of Theorem [T] We first need a technical 
lemma on the Poisson kernel. 

Lemma 4 There exists a constant C > such that, for any r G (1/2, 1) and any 



Proof We may assume 3' = N. Let p = 1 — r. A generic point x = (xj, • • • G 
K''+ ' will be denoted by x = (x' , X(/+ 1 ) with x' G K'' . In particular, x G ff (N , p ) if and 
only if ||x'|p +x^j^y = 1 and \\x'\\^ + (1 -x,/+i)2 < p^. Let 'g' be the cylinder 



It is not hard to show that S^^i Ci'^if C K'(N,p) when 1/2 < r < 1. We now define 
two harmonic functions: h is the harmonic function in such that h{x) ~ I if x E 
d'^ n {x^z+i = 1 } and h{x) = if x G d'^ fl {x^+i < 1 }; m is the harmonic function 
in S^+i such that m = 1 on fc(N,p) and u = elsewhere on J^^/ (h and u are the 
Perron- Wiener-Brelot solutions of the Dirichlet problem with the given boundary 
data). We claim that h <u on (9('^nB^/+i). Indeed, we can decompose (9(^nBj+i) 
into EUF, with £ C ^^n^ and F C 5'^n{x,/+i < 1}. Now, m = 1 > /z on £ and 
u>0 = honF.'By the maximum principle in flB^^+i, we deduce that m(x) > h{x) 
for any x G '^nB^z+i. In particular this holds forx — (1 — p)N = rN, so that 



On the other hand, is just the translation and dilation of a fixed domain ; = 
N + p*^, where 







0} 



Thus the quantity /i(rN) is strictly positive and independent of r. We can then take 
C = /i(rN). 
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Here is the converse part of Theorem[T] 

Theorem 4 Let E C S^d> l^t <j) be a dimension function and let x : (0, 1) — > (0, +°°) 
be nonincreasing with lim^_^o+ t{x) — +°°. Suppose that [E) — and that x{s) — 
0(^s^''(j){s)y Then there exists f (Iz i'^d) such that, for any y G E, 

,. miry) 

limsup— = +00, 

r^l T(l-r) 

A remarkable feature of Theorem [3] and Theorem|4]is that they are sharp: if = 
T(i)i'' is a dimension function and 

^(Tj) = |ye^.;iimsupmM.+.l 

then 

1. forany/eLi(J^rf), ^'''(^(t,/)) =0; 

2. iffi is a set satisfying (£) =0, we can find/ GL'(^d) such that ^?(t,/) D £. 

Proof (Proof of Theorem^ Let j > I- Since Jfl'{E) = 0, we can find a covering 
3ij of E by caps with diameter less than 2^-' and such that Lk:g.«; ^d*^!) ^ 2^-'. We 
collect together the caps with approximately the same size. Precisely, if « > 1, let 

Let also £„ — UicG'g;, ^ so that E C limsup,,/?,, and 

E E m\)<j: E Hm<^- 
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In particular, there exists a sequence {(X)„)„>i tending to infinity such that 

L L (On(p{\K\)<+-o. 

«>l Ke%, 

For any n > 1, let x„ i, . . . ,x„ ,„„ be the centers of the caps appearing in %j and let 

K„j = K(x„ i,2- 2^"). We define 

m„ 

/=LL«»<2-")i,„,,. 

n>l!=l 

/ belongs to (J^d)- Indeed, 

||/||i<C^^a)„T(2-")(2-Y 

«>1 i=l 
m„ 

<C^^a)„0(2-") 

n>li=l 

<C£ £ COn^{\K\)<+^. 

«>1 Ke'^n 

Moreover, let y E E„ and let r = 1 — 2^". Let also (fy — fc(x„.,, 5„.,) £ such that y 
belongs to Ky. It is clear that ||y -x„,,|| < 5,,.,- < 2^" so that k(j,2^") C «■„.,-. By the 
positivity of / and of the Poisson kernel, 

P[fKry) > I coM2-")P{ry,^)da{^) 
> Cco„T{l-r) 

where C is the constant that appears in Leninial4l Thus, provided j belongs to limsup^-E/i? 
we get 

hmsup— = 

r^l T(l-r) 

which is exactly what we need. 

5 Construction of saturating functions 

In this section, we turn to the construction of functions in L' (^t/) having multifractal 
behaviour. Our first step is a construction of a sequence of nets in S^^i which play the 
same role as dyadic numbers in the interval. 

Lemma 5 There exists a sequence {^„)n>i of finite subsets of ,5^'^ satisfying 

- ^„C ^„+i; 

- Ue^„'c(x,2-")=^rf; 

- card(^„) <C2"''; 

- For any x,y in x ^ y, then \x — y\ > 2"". 
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Proof Let = and let us explain how to construct M„+\ from !%n+i is a 
maximal subset of S'^j containing ^„ and such that any distinct points in l%„+\ have 

their distance greater than or equal to 2^'"+''. Then \Jxe^n+\ ^ i^,'^^^"^'^^^ — -'^d by 
maximality of ^„+i. Then, taking the surface and using that the caps K ^x,2^'"+^'^, 
X e .^n+i, are pairwise disjoint, we get 

card(^„+i) xC2-("+2)''< 1. 

From now on, we fix a sequence (^„)„>o as in the previous lemma. Our sets with big 
Hausdorff dimension will be based on open caps centered at points of ,^„. Precisely, 
let a > 1 and let N„_a = + 1 where [n/a] denotes the integer part of n/a. We 
introduce 

U '^(-^,2-"). 

Lemma 6 Let a > I and let {ni^)if>o be a sequence of integers growing to infinity. 
Then 

M"^!"" himsupD„,.a 

Proof This follows from an application of the mass transference principle (Lemma 
[U, applied with the function ^/(x) = x'-^l"' and 0(x) = x'^ . The key points are that 

U (f(x,2-^'-)=^^ 

and that k-(ji:,2"") D k (x, i^"' o ^(2"^" °)) since aNn.a > n. 

We now construct saturating functions step by step. 

Lemma 7 Let n > I. There exists a nonnegative fonction fn G L^{S^ii), satisfying 
||/„|| 1 — 1, such that, for any a > I, for anyy G D„ a, 

P[fn]{rny) > -2(«-^-«)^ 

n 

where 1 — r„ = 2^", N„_a = [n/cc] + 1 and C is independent of n and a. 
Proof We define /„ by 

I 

The triangle inequality ensures that 



||/„||i < -^Y^c^d{^%N)2^"-''^'2-"'' 
< C. 
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Let y e Dn^a and let x e ^w„„ such that y € k{x,2^"). Observe that K-(y,2"") C 
k{x,2.2^"). Moreover, 1 < A',,. a < n + 1. Using the positivity of the Poisson kernel, 
we get 

p 'y(n-N„,a)d 

P[fn]{ry)> / P{ry,^)da{^). 

iic(v,2-") n + 1 

Lemma|4]ensures that 

i'[/«]('-«3')>-^2("-^«^«)^' 
n + i 

and it suffices to take /„ — 



iiAiir 

We are now ready for the proof of our second main theorem. 

Proof (Proof of Theorem^ Let {gn)n>\ be a dense sequence of L'(o5^^/) such that 
each gn is continuous and ||gn||oo < «■ The maximum principle ensures that for any 
r e (0, 1 ) and for any e -Yd, 

\P[g„M)\<n. 
Let (/„) be the sequence given by Lemma Q and let us set 

h„ = g„ + -/„. 
n 

{hn)n>i remains dense in (=5^^)- Moreover, if r„ = 1 — 2^", a > 1 and y G D„ a, 

P[hn]{rny) > C 2 « 

2(n-A'n,a)c/ 

provided n is sufficiently large. Let us finally consider 5„ > sufficiently small such 
that 

\\P[fKrn-)\\o.<l if ||/||i<5„. 
The residual set we will consider is the dense Gg-set 

/>!«>/ 

Pick any / G A. One can find an increasing sequence of integers (n^.) such that / G 
B^i (/znj, 5„j) for any k. Let a > I and let y G limsupi^ D„i__a Da{f )- Then we can 
find integers n, picked in the sequence («<:)<:> i, as large as we want such that 

P[f]{r„y)>P[h„]{r„y)^\>C^-^ 1. 

Observe that for such values of n, 

-log(l-.„) 
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Hence, 

limsupi^^imM> Hm ( i , ^ ( i - L) d. 

r^i -log(l-r) n^+ooy n J \ aj 

Furthermore, Lemina|6]tells us that J'^'^ I " {D a{f)) = +°°- We divide Da{f) into two 
parts: 

Z>L"(/)^{,CZ,.(/,;„.„p!Mm.(,-i).} 
Z>?(/)^{,CZ,.(/,;„™p!2~>(,-i).}^ 

Let {Pn)n>o be a sequence of real numbers such that 

B„>(l-—]d and lim B„ 
\ a J 

Then 

D^a\f)c\Jc^{l5„,f). 
ii>Q 

Observe that | > - j3„. Then, by CorollarylB M"'/'^{S'{P„,f)) = 0. We get 
^''/«(dL''(/))=0 and ^^^/«(dL"(/)) = +-. 

Finally, 

£(^(^l-i)d,/)DDL')(/) 

and 

dim^,.(£((l 

By Corollary[T]again, this inequality is necessarily an equality, and we conclude that 
/ satisfies the conclusion of Theorem|2]by setting 

(l--]d = P ^ -=d-l5. 
\ aJ a 

One can also ask whether the Poisson integral of a typical Borel measure on 
has a multifractal behaviour. Here, we have to take care of the topology on ^(S^^). 
We endow it with the weak-star topology, which turns the unit ball B ^(.y^) of the 
dual space ./# (^^z) into a compact space. We need the following folklore lemma: 

Lemma 8 The set of measures fdo, with f G '^S' {-^d), '■s weak-star dense in ^{5^ci)- 
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Proof The set of measures with finite support is weak-star dense in ^{S^^) (see for 
instance f?!). Thus, let E, e S^d, let e > and let ^i, . . . ,g„ e "^(^j). It suffices to 
prove that one can find / e '^{■S^d) such that, for any e > 0, for any / e { 1 , ■ ■ ■ , «}, 



yd 



?,iy)f{y)da{y) 



< E. 



Since each gi is continuous at ^, one can find 5 > such that — yl < 5 implies 
\gi{t,) —^1(3') I < ^- Let / be a continuous and nonnegative function on ,5^d with 
support in fc(^ , 5) and whose integral is equal to 1. Then 



,iy)f{y)do{y) 



< / \8,{^)-gMf{y)dcj{y) 

< £. 



Mimicking the proof of Theorem|2l we can prove the following result. 
Theorems For quasi-all measures jx G B^f^y^y for any j3 G [0,d], 

dim,^(£(j3,M)) =fl'-j3. 

Proof Let {gn)n>i be a dense sequence of the unit ball of ''^{S'd) such that ||g«||oo < 
1 - i. The sequence {gndo)„>\ is weak-star dense in Bj^f^y^y Let {fn)n>\ be the 
sequence given by Lemma|7]and let us set 

1 

hn = gn + -fn 

n 

so that {h„da)„>i lives in the unit ball B and is always a weak-star dense 
sequence in B ^(^^). For any a > 1 and any y G Z)„ 

P\hn\irny) > C 2 1 

with r„ = 1 — 2^". The function (y, ^ ) H> P{r„y, ) is uniformly continuous on J^d x 
.5^^/. In particular, using the compactness of S'd, one may find yi,... ,ys G S^d such 
that, for any y G ^^z, there exists j G { 1 , . . . , i} satisfying 

V^G^^, \P{rny,^)-P{r„yj,^)\<l. 

Let be the following weak-star open neighbourhood of hndo in B ^i^y^y 



M e -S ^fy^j; for all ; G {1, . . . ,s}, 



P{r„yj,^)d^l- Pir„yj,^)h,i^)da <l}. 

'y'd -lyd J 

By the triangle inequality, for any y G S^d and any ^ e'W„, 

\P[lX-h„da]\ir„y)\<3. 

We now define A = n/>i V]n>i^n which is a dense Gg-subset of Bj^i^y^y and we 
conclude as in the proof of Theorem|2] 



Boundary multifractal behaviour for harmonic functions in the ball 
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If we remember that fi P[n] is a bijection between the set of nonnegative finite 
measures on the sphere o5^^/ and the set of nonnegative harmonic functions in the ball 
Bd+i we can also obtain the following result. 

Theorem 6 For quasi-all nonnegative harmonic functions h in the unit ball B^+hfor 
any j3 G [Q,d], 

dim,^(£(j3,/i))-flf-j3 

\ogh{ry) 



where E{P,h) is defined here by E{I5 ,h) ^ <^y \ lim sup \ (^\ ) 

The set of nonnegative harmonic functions in the unit ball is en- 

dowed with the topology of the locally uniform convergence. It is a closed cone in 
the complete vector space of all continous functions in the ball. So it satisfies the 
Baire's property. 

Proof (Proof of Theorem^} We begin with the following lemma. 

Lemma 9 The set of nonnegative functions which are continuous in the closed unit 
ball Bii^x and harmonic in the open ball Bj^i is dense in J^/f^. 

Proof Let h E Jlf^ and p„ < 1 be a sequence of real number that increases to 1 . Set 
/„(^) = h{p„^) if^e and h„{x) = h{p„x) = P[/„](x) if x e Bj+i. The functions 
h„ are nonnegative, harmonic and continuous on the closed ball B^+i. Moreover, let 
p < 1. The uniform continuity of h in the closed ball B{0,p) = {x ; ||x|| < p} ensures 
that h„ converges uniformly to h in the compact set B{Q,p). 

We can now prove Theorem |6l using the same way as in Theorem l2l Let {gn}n>i 
be a dense sequence in the set of nonnegative continuous functions in =5^^. Lemma |9] 
ensures that the sequence {P[gn])n>i is dense in Moreover, we can suppose that 
||g„||oc < n so that by the maximum principle, < P[g„](x) < n for any x e B^i+i- Let 
(/„)„>! be the sequence given by Lemma|7]and observe that if ||x|| < p. 



< 



«(i-py'"-^""' «(i-p)^- 

It follows that j;P[fn] goes to in J^+. Define 

h„=P[g„] + -P[f,] 
n 

so that (/i„)„>i is always dense in Let a> l,y E D„ a and r„ — \ —2^". Lemma 
|2]ensures that 

2{n-Nn,a)d 

hn[r„y) > C 5 n. 



We can define 



A^f]\jlhe Jf+ ; sup \h{x)-hn{x)\ < 1 \ 

/>ln>/ [ M\<'',, J 

which is a dense Gg-set in and we can conclude as in the proof of Theorem|2l 
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